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U
seful text books

● Szabo and O
stlund, M

odern Q
uantum

 C
hem

istry, D
over 1996

● Parr and Yang, D
ensity-Functional Theory of Atom

s and M
olecules, 

1994

● K
och and H

olthausen, A C
hem

ist’s G
uide to D

ensity Functional 
Theory, 2001

● A
. J. Stone, The Theory of Interm

olecular Forces, 1997, 2016

● W
ikipedia and G

oogle



Final goal: Predict properties and functions 
of useful m

olecules and m
aterials



(Atom
istic)

C
om

putational Scientist's 
D

ream
 ...
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(Atom
istic)

C
om

putational Scientist's 
D

ream
 ... C

an w
e be accurate and efficient 

(fast) at the sam
e tim

e ?



W
hy w

e care about                             ?



Q
uantum

 A
tom

istic M
odeling: 

“T
he B

ase” of a M
ultiscale H

ierarchy
 

 



A
m

brosetti, Ferri, D
iStasio Jr., and Tkatchenko, Science (2016).



A
m

brosetti, Ferri, D
iStasio Jr., and Tkatchenko, Science (2016).



P. S. Venkataram
, J. H

erm
ann, A

. Tkatchenko, and A
. W

. R
odriguez, 

Phys. R
ev. Lett. 118, 266802 (2017). 





T
he Schrödinger E

quation
 

 

For a free particle in free space (vacuum
):



T
he Schrödinger E

quation
 

 

For a free particle in free space (vacuum
):

C
aution: no spin, no relativity, no field-m

atter interaction (Q
ED

), …

H
ow

ever, for m
ost m

olecules and m
aterials, this is a V

ERY
good approxim

ation.











T
he tim

e-independent Schrödinger equation
 

 
H

am
iltonian

operator

W
avefunction

Energy
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he tim

e-independent Schrödinger equation
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T
he tim

e-independent Schrödinger equation
 

 
Few

 rem
arks:

● W
avefunction can be an im

m
ensely com

plex object for N
 particles

● W
avefunctions are difficult to interpret. D

ensities (square of the 
w

avefunction) and other expectations values are typically used for 
conceptual insights.
● In classical m

echanics: [T,V] = 0. Particle kinetic energies are 
additive.
● In quantum

 m
echanics: [T,V] ≠ 0. K

inetic energy is non-additive, i.e. 
has a m

any-body nature. Energy can be generally expressed as an 
infinite pow

er series in term
s of distances (angles, ...) betw

een 
particles.  



T
he tim

e-independent Schrödinger equation
 

 

Exact solutions:

● O
ne particle: free particle, particle in a box, harm

onic (and som
e 

anharm
onic) oscillators, D

irac delta potential, hydrogen atom
, H

2 +, …

● Tw
o particles: tw

o non-interacting particles, “harm
onium

” atom
, …

 ● Three and m
ore particles: non-interacting particles, effective 1D

 
H

am
iltonians (H

ubbard m
odel),  N

 harm
onic oscillators coupled w

ith 
dipole potential, …

● M
ost realistic H

am
iltonians have no know

n analytic (or exact 
num

erical) solution. This leads to a zoo of approxim
ations.





M
olecular and solid-state H

am
iltonians

 
 



N
uclei are m

uch heavier than electrons:
H

 nucleus is ~1800 tim
es heavier than an electron

Separating nuclei and electrons: 
B

orn-O
ppenheim

er approxim
ation

 
 



Separating nuclei and electrons: 
B

orn-O
ppenheim

er approxim
ation

 
 

N
uclei are m

uch heavier than electrons:
H

 nuclei is ~1800 tim
es heavier than an electron

The w
avefunction in 3(N

+M
) dim

ensions is split in tw
o

w
avefunctions w

ith 3N
 and 3M

 dim
ensions.

M
ost often, the nuclear degrees of freedom

 R
i  are treated classically,

via N
ew

ton's equations of m
otion

For each {R
i }, the solution of the electronic Schrödinger equation

provides energies/forces, generating a so-called potential-energy surface (PES)



“Standard” electronic structure 
atom

istic m
odeling procedure

 
 

N
uclear coordinates given

(experim
ent or otherw

ise)

Solve H
eψ

 = E
eψ

 for the 
electronic subsystem

 

G
iven energies and forces,

or other properties. 



W
hy is                     com

plex? –  
C

ollective m
any-particle states





H
ybrid organic/inorganic system

s 
(C

uPc on A
g(100) surface)

W
hy is                     com

plex? –  
C

ollective m
any-particle states



C
urrent state-of-the-art of atom

istic m
odeling

Sem
i-em

pirical m
ethods 

(A
M

1, PM
6, C

N
D

O
, tight-binding)

D
ensity-functional theory 

w
ith (sem

i)-local and hybrid functionals

Em
pirical potentials (“force fields”)

(no explicit electrons)

W
avefunction

 based m
ethods 

(M
P2, R

PA
, C

C
SD

(T),...)

Full
C

I
A

ccuracy,
R

eliability,
and 

Predictive
Pow

er

C
om

putational 
C

ost;
Loss of 

C
onceptual

U
nderstanding ?



Variational principle for w
avefunctions

Slide from
 

M
. Scheffler



H
artree theory: product w

avefunction

In general, exact w
hen

Som
e m

any-body problem
s can be reduced to a H

artree-type w
avefunction by 

using an appropriate coordinate transform
ation. For exam

ple, dipole-coupled 
harm

onic oscillators.

For electrons, H
artree w

avefunction m
isses their correct Ferm

ionic nature, i.e. 
the antisym

m
etry of the w

avefunction to the exchange of tw
o electrons.



H
artree-Fock theory: orbital determ

inants

M
inim

ize (subject to orbital ortonorm
alization and constant N

):



H
artree-Fock theory: Solution

Self-consistent solution: initialize (atom
ic) orbitals, solve, find new

 orbitals, ... 



H
artree-Fock theory: R

em
arks

● C
aptures > 98%

 of the electronic energy
 ● The m

issing energy from
 the H

artree-Fock solution is called the 
electronic correlation energy. The correlation energy is negative 
(stabilizing) by definition.

● H
artree-Fock is the base for so-called post-H

F quantum
-chem

ical 
approaches, including M

oller-Plesset perturbation theory, coupled cluster 
theory, configuration interactions, random

-phase approxim
ation, H

F-based 
quantum

 M
onte C

arlo, …

● H
F is still an effective single-particle theory, am

enable to conceptual 
analysis and insights:

Fock operator
orbitals

orbital energies



B
eyond H

artee-Fock theory:
Tam

ing electron correlation
Sm

all (~1-2%
), but fundam

ental part 
of electronic energy. R

esponsible for
van der W

aals interactions and cohesion
in a w

ide range of m
olecules and m

aterials

H
artree theory

Full
C

I

H
artree-Fock theory

M
oller-Plesset PT, R

PA

C
oupled cluster, 

config. interaction
Q

uantum
 chem

istry
hierarchy



B
eyond H

artee-Fock theory:
Tam

ing electron correlation

H
artree theory

Full
C

I

H
artree-Fock theory

M
oller-Plesset PT, R

PA

C
oupled cluster, 

config. interaction

Hartree-Fock Post Hartree-Fock



M
oller-Plesset perturbation theory





C
oupled-cluster theory



C
onfiguration interaction (C

I)



Post-H
artree-Fock m

ethods: Sum
m

ary
● Electronic exchange and correlation are purely quantum

-m
echanical 

phenom
ena (absent in classical m

echanics)
● H

artree-Fock describes exchange (or antisym
m

etry of the 
w

avefunction to exchange of tw
o electrons), but has no correlation

● Electron correlation is difficult to calculate accurately: M
P2/3 theory 

gets 90%
 of correlation, C

C
SD

(T) gets 98%
. 

● M
P2 scales as N

5, C
C

SD
 as N

6, C
C

SD
(T) as N

7

● C
I (in a converged basis) is exact, but V

ERY
 expensive, 

exponentially scaling, and essentially a “dum
b” brute force m

ethod.
● Som

e new
er m

ethods exploit sparsity in the m
any-electron 

w
avefunction or derive m

odel H
am

iltonians, hopefully w
ith m

inim
al 

em
piricism

. 
● Post H

F m
ethods obey the variational principle: Low

er energy = 
better w

avefunction.



Is Ψ
 absolutely essential ?

D
ensity-functional theory of 
nucleo-electronic system

s



D
ensity-functional theory (D

FT
)

or



D
ensity-functional theory (D

FT
)















D
ensity-functional theory (D

FT
): N

o free lunch

or

E
xchange and C

orrelation 
functionals

✗  Self-interaction error
✗  L

ack of long-range correlation 
(van der W

aals interactions)





E
X

A
C

T
M

B
D

D
2/D

3, X
D

M
, T

S
vdW

-D
F

J. H
erm

ann, R
. A

. D
iStasio Jr., and A

. Tkatchenko, C
hem

. R
ev. 117, 4714 (2017). 



Physicist's D
ream

: M
apping E

lectrons to 
Q

uantum
 H

arm
onic O

scillators (Q
H

O
)

N
ucleus (q)

H
arm

onic bond (
)

“Electron” (-q,m
)

M
odel proposed by W

. L. Bade (1957); and used by B. J. Berne; 
A. D

onchev; M
. W

. C
ole; G

. M
artyna; K

. Jordan; F. M
anby; ... 
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N
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F
rom

 D
ream

 to R
eality: 

A
rgon dim

er described accurately by tw
o oscillators

●
C

oupled Q
H

O
 correlation energy 

com
puted through D

iffusion M
onte 

C
arlo (exact for bosons)

●
Exchange and electrostatic energy 
from

 H
artree-Fock (H

F)

H
F+cQ

H
O

: alm
ost exact binding energy curve (w

ithin 3 m
eV

 at m
inim

um
)        

w
ithout any specific adjustm

ents. 

Ferm
ionic effects in correlation energy kick in only at very short distances.

A
r

A
r

A
lberto

A
m

brosetti



M
odeling R

eal M
aterials: D

FT
+M

B
D

 M
ethod

A. Tkatchenko, 
R. A. D

iStasio Jr., 
R. C

ar, M
. Scheffler,

Phys. R
ev. Lett. (2012)

A. Am
brosetti, 

R. A. D
istasio Jr.,

A. M
. Reilly,

A. Tkatchenko,
J. C

hem
. Phys. (2014)

Valence electrons
projected to oscillators

(Tkatchenko-Scheffler)

D
yson-like 

short-range
electrodynam

ic 
screening

A. Tkatchenko and
M

. Scheffler, 
Phys. R

ev. Lett. (2009)

Long-range 
correlation

energy
calculated
using SE

123



From
 First-Principles Q

uantum
 M

ethods
to Sem

i-E
m

pirical and C
lassical A

pproaches



C
oarse-graining Q

C
 and D

FT

Sem
i-em

pirical quantum
 chem

istry
and tight-binding



Sem
i-em

pirical quantum
 chem

istry
and tight-binding

M
ain idea:

● Sem
i-em

pirical Q
C

: Em
pirically approxim

ate the m
ost expensive 

integrals in H
artree-Fock or correlated calculations.

● Tight-binding: Expand the density to second (or fourth) order. A
ll 

integrals becom
e relatively sim

ple and the energy is obtained in a 
single diagonalization step. 

● W
eakness: These m

ethods inherit all the problem
s of approxim

ate 
Q

C
/D

FT, i.e. long-range correlation is absent, exchange is heavily 
approxim

ated.

● Strength: can be applied to 1,000s of atom
s



Throw
ing aw

ay electrons

Em
pirical potentials (“force fields”)



C
lassical force fields

Source: W
ikipedia



C
lassical force fields w

ith M
L

K
. H

ansen, F. B
iegler, …

, K
. R

. M
ueller, and A

. Tkatchenko, J. Phys. C
hem

. Lett. 6, 2326 (2015).



C
urrent state-of-the-art of atom

istic m
odeling

Sem
i-em

pirical m
ethods 

(A
M

1, PM
6, C

N
D

O
, tight-binding)

D
ensity-functional theory 

w
ith (sem

i)-local and hybrid functionals

Em
pirical potentials (“force fields”)

(no explicit electrons)

W
avefunction

 based m
ethods

Full
C

I
A

ccuracy,
R

eliability,
and 

Predictive
Pow

er

C
om

putational 
C

ost;
Loss of 

C
onceptual

U
nderstanding ?

100,000 atom
s

10,000 
atom

s

1,000 
atom

s

50-100 
atom

s



● Innocent looking, but pow
erful and hard to solve 

equation

● Encodes (alm
ost) all the physics 

(+ chem
istry and biology) of real m

aterials

● W
ide range of useful and pow

erful approxim
ations

● C
an M

L techniques enable future breakthroughs in 
m

odeling and understanding nucleoelectronic system
s? 



A
pplication: M

olecular C
rystal Structure Prediction



M
olecular C

rystal Structure Prediction (C
SP) 

w
ith D

FT
+M

B
D



Targets of C
am

bridge C
SP B

lind Test 2016

A
. M

. R
eilly et al., A

cta C
ryst. B

72, 439 (2016).



Targets of C
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A
. M

. R
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R
ealistic D

rug M
olecule



● Innocent looking, but pow
erful and hard to solve 

equation

● Encodes (alm
ost) all the physics 

(+ chem
istry and biology) of real m

aterials

● W
ide range of useful and pow

erful approxim
ations

● C
an M

L techniques enable future breakthroughs in 
m

odeling and understanding nucleoelectronic system
s? 


